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1. Background and motivation
This report is mainly about a new mathematical model to represent the behavior of
complex networks. It is also applicable for smple periodic systems. The feature of

this new model is that it does not have restrictions on the system to be investigated.

There are dready many previous papers in the field of timing characterigtics



analyzing of embedded system designs and these papers have their own advantages:
they try to weaken various kinds of restrictions on system model and do have
achieved alot. For example, [1] can give the result of process scheduling using static
priority under a certain industrial bus protocol. It combines pure theoretical analysis
with real applications. Besides, papers [2] and [3] aready ded with multi-domain
analysis. But to different extents, they ill have restrictions on event models. A
method to analyze heterogeneous platform-based architecture in a single coherent way
is proposed. Its goal is simple and clear: remove restrictions (for example: events
should be somehow periodic, or the analysis result can only be response time) on
event models and answer the question that: how the whole system (which consists of
severa different components) behaves and what the characteristics of dynamic load
on systems are. An effective algorithm to compute the request curve (in the paper the

precondition is that the system is using static priority) is also proposed.

1.1 Traditional design method

Because this report is related to embedded sysem design, one classica and very
mature design method is briefly mentioned and evaluated. Platform-based design is
the most frequently used methodology. Its target is obvious. reuse available cores, IPs
or blocks from 3" party at several levels of abstraction. Everyone knows that this
design methodology can avoid redundant re-design works and save unnecessary test
routines thus the development cycle is greatly shortened. Because this method has
been used for long time, its disadvantages have adready drawn engineers’ attention:
just because of its advantage, the integration works tend to be out of control
sometimes. Cores are usually provided without detailed description of internal
structures. Lack of this usually requires additional long time to build complex

“interfaces or adaptors” [8].

When all discrete components are connected, of course a formal description of the
system properties, like utility of bus bandwidth, usage of memory and response time,
should be done. The main problem is: because we use platform-based design (so far
we have no other design methodology better than this), it is difficult to analyze the
system as a whole on a relatively high abstraction level. Mature and well-developed



commercial analysis tools seem to be only available for a certain analysis area. They

can not anal yze a compound system.

1.2 Many models have restrictions

There are already some break-ups trying to solve this problem. [4] and [5] did some
research and achieved some results although they are not very effective or efficient.
Their solution in fact is quite direct: since there is no available mathematical model to
model or anayze (compound) products which are developed using platform-based
design, we smply use simulation. It works in many cases. The price for it is. very
long simulation time. Also some significant characteristics like “corner cases and
complete coverage” [8] can easily be ignored or even can not be captured by
simulation. These are the main disadvantages of the most primitive but to some

extents quite efficient way.

As we dready mentioned before, although there are many mature and
long-time-available analysis tools not for compound system but for single core, they
also have many restrictions on prototypes. Many of them can only model purey
periodic systems with jitter, burst or sporadic systems. Arbitrary systems are not well
dealt with. In this case they are “approximated by some standard model which
minimizes the error” [8]. The direct drawback resulted from this method is that: only
overly conservative bounds can be achieved. In other words, because we can only
achieve extremely pessimistic estimation on system performance, we will quite
possibly either waste lots of hardware and software resources or erroneoudy judge the

feasibility and schedulibity.

The situation until now can be concluded: for single component, if it is periodic, or
almost periodic, then we have many highly successful methods and commercial tools
to analyze its timing characteristics. If we want to find out the properties of a
compound system, or the system behaves in an arbitrary way, we need to find a new

and efficient way besides simulation.



1.3 Advantage of this new method

The method presented is not brand new. It is derived from the methodology presented
in papers [6] and [7]. They solved two main drawbacks: now it “is applicable to the
more general domain of heterogeneous embedded system design” [8] and the timing

bounds are “tighter compared to our previous results” [8].

Multiple input event streams (which are not necessarily periodic) with multiple
processing capabilities are anal yzed in a high abstract level. Additionally, this problem
is solved in quite an efficient way. The computational complexity is significantly
reduced. The main tasks for system analyzers are shifted to record how many events
will probably happen in a certain time interval. Since how much service can be
provided in a certain time interval is usualy known, al necessary input parameters
are available for this new method. After computation, we can get the output behavior

of system as well asthe load on different blocks of the system.



2. Main principles

2.1 2 basic input parameters

Different from other models which usually require the events should be periodic or
periodic with jitters, two functions are proposed to describe the input event streams
and the processing capacities. These two functions have no requirement on the
characteristic of the input event stream. They are: request curve a(t) and delivery

curve B(t). These two functions are the kernel variables used in the whole model.

For request curve a(t), it isin fact the limit (lower and upper) of input event stream.
Input event stream is described by function R(t). Independent variable “t” means the
time from O up to t. Function R(t) stands for the number of input events (events
requested) from time O up to t. As stated before, request curve a(t) is used to set the

lower and upper limit for R(t).

The independent variable “t” in request curve a(t) and R(t) has different meaning.
Letter “t” in request curve a(t) means any time interval which equals to t. But the
independent variable in R(t) means the time period from O up to t. In order to avoid

this chaos, sometimes “A” isused instead of “t” in request curve a(t).

Now come the two variations of request curve a(t). Because the “worst case bounds
on system properties” [8] is interested, lower and upper bounds are used to describe

R(t). Onthispoint, it issimilar with other analysis methods:

a'(D) isthelower bound (“1” stands for lower) for R(t)

a (D) isthe upper bound (“u” stands for upper) for R(t)

From these 2 request curve functions a'(D) and a (D) we can now answer the

guestion: why this new model discussed here does not have restriction on the behavior

of input event stream? In other words, how can this mode to describe both periodic
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and aperiodic input event stream?

It becomes true when we apply certain conditionsto a'(D) and a ‘(D). Here we
have a very simple example: a pure periodic system with period “p”, we can easly
find out: in any time interval smaller than “p”, if it is a pure periodic system with
period “p”, at least none event will happen during this interval and a most one event
will happen during this interval. This is how the model describes pure periodic input

event stream. By setting different a'(D) and a“(D), it is not difficult to Simulate

various kinds of systems. Therefore, the input event streams with period are only

special cases of this new model.

When input stream has certain characteristics, for example, it is periodic, or periodic
with an estimated jitter, it is not difficult to calculate its a'(D) and a“(D). But

when the input stream does not have any characterigtic, that is to say, it is purey

arbitrary, or in other words, its input behavior can not be predicted at all, is this model
gtill feasible? The answer is still “Yes”. One method to find out correspondent a ' (D)

and a"(D) from ardatively primitive way is presented below:

We can record a complete input event stream, and then open a time window whose
length is A. Then we dlide this time window aong the whole event cycle to find out,
in a certain time interval A, at most how many events come and at least how many

events come.

These two request curves a' (D) and a“(D) are used to describe the characterigtics

of input stream. Similarly, we use service curves b'(D) and b"(D) to describe the

processing capability C(t). Now the 2 basic formulas are clear as stated:

a'(t- ) £R()- R(s)£a'(t- s) forany0<s<t

b'(t- s)EC(t)- C(s)Eb"(t- s) forany0<s<t

Again, these two formulas are the basic concepts proposed here. Further calculation

and reasoning are always based on them.



2.2 The single stream, single resource case

It would be quite understandable to use simple and complex examples to elaborate the
algorithm. For the simplest case, we can absiract the sysem model as: single input
stream and single processing capability. In this situation, no other input stream
competes for processing resources. The reason why we introduce this example is:
after this example is carefully analyzed, we will get four very important derived
variables: a' (D), a“ (D), b"(D) and b“ (D). The procedure to deduce them will
only be mentioned briefly. They are aso the theoretical foundations of the following
parts. Compound systems like multiple input event streams and multiple processing

resources can always be split into simple single stream and single resource case.

Because this model is on a relatively high abstract level, it can deal with not only
response time problems. Here we suppose that: one special channel is used to transmit
important data from an external sensor. The collected data is analyzed by a weather

station. Then we have the following interpretation:

1. The external sensor will generate at least a' (D) bytes data to be transmitted in

any time interval of A so that the system can record a complete external temperature
list;

2. On the other hand, the sensor will generate & most a“(D) bytes data to be

transmitted in any time interval of A, more data will be redundant and does not help

improve the accuracy;

3. During any time interval of A, the channel will at least transmit b'(D) bytes

datain order to make sure alower limit of sensor data can be processed;

4. Because of channel buffer capacity, a mostb“(D) bytes data can be transmitted

during timeinterval of A.



a' (D) is the lower limit of “outgoing arrival curve” [8]. It means that, after

processing, at least a certain number of events will be output from processing unit.
From this curve, we can analyze the output characteristic of an input event stream.
But its more important usage isthat, it will be connected to the next processing unit as
the lower limit of input event stream. But in this section, we restrict it as single input

event stream and single processing capability.

a“ (D) hasthe same principle as a' (D). The only difference isthat a “(D) stands

for the upper limit of the output event stream.

b"(D) is the lower limit of “remaining service curve” [8]. Because the processing
resource is (partially) occupied by input event stream, during a certain time interval,
the processing capability will decrease. Its remaining capacity is characterized by this
function.

b" (D) isthe upper limit of “remaining service curve” [8].

Four complex formulas to compute these four important functions are given without

deducing or explanation. In this form, the causal relationship is ill clear:

a"(D) = min{inf {supfa'(m+1)- b*(I )} +b'(D- m},b' (D)}

a“(D) = min{sup{ inf {a"(m+b"(l +D- m}- b'(I)},b" (D)}
b"(D) = 0thEJD{b'(l )-a“(l)}
b"(D) = min{inf{b"(l ) - a'(l)}.0

For b' (D), we can interpret it as: within a certain time interval A, we set another
time interval A, and for all 0<A<A, the difference between the lower limit of service
capacity and request are checked, and the “largest” difference is selected as the lower
limit of the remaining capacity limit. The theory is absolutely correct, but when this

theory is implemented by computer program, how to set the reasonable step of A is



till an open issue.

It is important know, after a certain kind of complex calculation, we will obtain the
“after processing” [8] characterigtics of both the input event stream and the processing
capability. According to our previous assumption, we can interpret these four formulas

asfollowing:

1. Wecangetaleast a' (D) bytesat the end of transmission channel during atime

interval of A;

2. Wewill receive at most a (D) bytes data at the output of transmission channel

during atimeinterval of A;

3. The transmission channel will have at least b' (D) free bandwidth during the

timeinterva A;

4. During time interval A, the transmission channel will have & most b“ (D) free

bandwidth.

These datawill be very helpful to analyze the behavior of system.

2.3 Multiple streams, single resource

Because the model proposed are mainly used to deal with the complex behavior of
compound systems, it is necessary to extend the simplest case “single event stream,
single processing resource” finally to “multiple streams and multiple resources’. As
an intermediate case, we have a situation as “multiple input event stream with single
processing resource” [8]. This condition is not strange to us. Imagine that, most PCs
have only one CPU, and all PCs are running multiple task operating systems. We can
map the “single CPU” to “sngle resource” and map “multiple tasks” to “multiple
input event streams”. This situation is solved without adding too many parameters to

the formulas. They just use aweight factor w; for each stream. This factor stands for



the different load requirement of each input event stream. This is quite reasonable
because in real cases, of course different kinds of tasks will ask for different
processing time. Again, the model proposed here is applicable for static priority
scheduling. It means, process with higher priority will keep on running until it finishes
and then lower process will be able to execute. We assign different priority to Process
i, and thenwehave b'=b", and b' =b', (thesmalleri is, the higher priority the
process has). For o we have similar situation. The computations are based on the
above mentioned 4 formulas. Below is a picture stating the resource allocation in this
case. It clearly shows that, only the remaining service capacity left from a process
with higher priority can be passed to a process with lower priority as input service

capacity.

A
o (A) Processing — '\ (A)
B =p
a, (A) Pm::n;ssing — '3 (A)
B =P,
as( A) Processing — a'_; (A)

B = ﬁls

Figure 1. System allocation for multiple streams, sing resource.
2.4 Multiple streams, multiple resources

The main goal the new model is to analyze the system properties of compound
systems. Because an embedded system will in most cases have multiple event queues

and multiple processing units, we will now have a good look at this.
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The following example is directly cited from the original paper [8].

P=11 :@ :@ L
Periodic events
Rate Monotonie h;:::“d
CPU, CPU,

Figure 2. System description.

| put the above system into following real application:

1. P1 stands for input video data. Because video stream has much larger data

volume, we assign it with higher priority and it has a period of 7.

2. P2 standsfor input audio data. It is assigned lower priority and has a period of 11.

3. It is quite reasonable because in real application the sampling rate and data of

video stream is much larger than audio stream.

4. CPU1 does some pre-processing work like remove spikes in the sampled data. We
use “Rate Monotonic” scheduling, thisisto say, P2 can not be processed when P1

isin processing.

5. After pre-processing, video and audio data are passed to CPU2 to be encoded. We
use “Proportional Share” scheduling (it means 2 process will have the same

processing ratio).

6. We use “Proportional Share” algorithm because we want to keep the video and

audio as synchronous as possible.

7. All input streams, to CPU1 and CPU2, each event requires the same processing
time: 2 time units.

The two input streams’ characteristics and rescheduling mechanism are known. How
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the output stream will behavior (its period, jitter) can be derived from the formulas
mentioned in Section 2.2.

In order to show the data flow in a more direct way, we draw the following picture:

A Iz

CPU1 CPU2
Rate Monotonic Propartional Share

Figure 3. Multiple streams, multiple resources.

It is clearly shown by this picture, the processing capability 1 of CPU1 isfirst to be
occupied by input event stream al because of its scheduling algorithm. Only the rest
processing capabilities will be passed to a2. After processed by CPU1, the two
streams will enter CPU2 and share its processing capability.

For the pre-processed video sample stream a,, we will have the following graph

Figure 4. [8] computed from these 2 formulas provided previoudy:

a'(D) = min{ jnf {supfa’ (m+1)- b*(1)} +b' (D- m},b' (D)

a"(D) = min{sup{ inf {a“(m+b"(l +D- m}- b'(1)},b"(D)}

12



10 20 30 40 °

Figure 4. Arrival curve of event stream 1.

The dashed line of course shows the upper output curve because its position is above
the solid line. When we draw this curve, we do not have to consider o2 just because it
has lower priority thus does not have any effect on al. We can see the first corner of
upper arrival curve happens at time 2, then the second corner at time 7. Attime 7, the

lower arrival curve aso begins to rise because the period of stream 1 is7.
After having processing a1, we can start to computer the remaining service curve 31

which will be used as input service curve of a2. All formulas needed are already listed
in Section 2.2. Below the curveis shown [8]:

4"1\.‘ ] l-!'ﬂl

30
25
20
15 e
=

o e
T

Figure 5. Remaining service curve of CPU1 after processing event stream 1.

It is easy to read the above picture. First, we do not consider the effect of a2 because
it has lower priority and according to the scheduling algorithm it can only wait until
higher priority process finishes. The lower curve arises from O at time 2 because ol is
being processed from time O to 2. Then from time 2 to 7, CPU1 is free. Again, from
time 7 to 9, al arrives for the second time so the curve can not rise and keeps a dope
of 0. The upper limit is just the shifted version of lower curve. The offset is exactly

the processing time for one event: 2 time units.
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We use the four formulas repetitively to calculate all the curves on the first graph. The
only difference is that: because CPU2 uses “Proportiona Share” scheduling algorithm,
the service curve 32 has only half slope of service curve 1. Figure 3 shows clearly
that: service capacities of CPU2 are equally shared by stream 1 and stream 2. In other
words, CPU2 has to alocate its processing ability equally to the two processes
according to its scheduling algorithm.

B, B
3
25
20
15
10 )
5

| ] ] Loa
10 20 30 40

Figure 6. [8] Service curve of CPU2 to process stream 1 coming out of CPU1

From the above picture, we see that the service curve is not an absolutely straight line
with slope 0.5, but it has some corners. This is because of its scheduling mechanism,
if one stream does not consume al the processing capacity alocated for itself, the
remaining capacity will be passed to the other stream. In this case, the variations are

contributed by stream 2 coming out of CPUL1.

The final result is interesting (see pictures below): the coded video stream has a jitter
of 2 while the coded audio stream has a jitter of 4 (jitter can be calculated by dividing
the distance of upper and lower curves by 2). And according to the final computation

result, they are still periodic. From arrival curve a,', the period is proved to be the

same, namely 7 time units, as its input period. The condition is the same for arrival
curve a,', the second event stream keeps its period (11 time units). This model
shows the phenomenon: if a processing resource has to be shared among processes,
then jitter will quite possibly appear and increase even each individual input is pure
periodic. But after processng, the event streams are still periodic. The reason is
hidden behind the presumption of this model: all tasks are scheduable and the
scheduling mechanisms (different scheduling algorithms are acceptable and have

14



different computation procedures respectively) are not preemptable. How to assign the

proper priorities to processes will be mentioned in next chapter.

(L, , iy (1, . 0,
124 . g
10f et
sf e 8 - —
3 oot | _
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2f e — 217 -
T R BT R R T T

Figure 7. [8] Final arrival curves of streams 1 and 2.
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3. Using DAG to calculate demand time a,(p)

In embedded system design, a widely consdered question is: during a certain time

interval A, what is maximal computationtime a (D) (including “triggering time and

deadline” [8]) required? This data is absolutely necessary and extremely important
because in hard rea-time system we have to satisfy the criteria otherwise severe
consequence will happen.

Actually there are already many algorithms which can do this, or, amost achieve the
optimal result if the problem finally turns to be an NP problem. Then what is the
unique advantage of the algorithm proposed here? The answer is: this new algorithm
reduced the computational efforts from exponential complexity to O(r?). To apply this
algorithm, the precondition is: each task has afixed computation time, earliest starting
time and the latest finishing time. Besides, the interval between tasks should also be
determined before applying this algorithm.

The following graph is an example which can use this algorithm to investigate its

maximal computationtime a,(D):

&(u), d(u)

Figure 8. DAG flow chart.

Here is some explanation of the functions used in this chart and structures of the flow

chart:
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1. First, atask consists of several sub tasks, they are displayed by nodes in the graph.
Function e(u) means the execution time of sub task u. d(u) is the deadline of sub task
u. p(u, v) stands for the “pause” time between sub tasks u and v. In other words, sub
task v can not start earlier than sub task u began and time p(u, v) has aready passed by.
“Source” is the starting point and “sink” is the end point.

2. The whole graph should be a Directed Acyclic Graph. The reason is quite clear:
otherwise there will be loop in the graph and the tasks can never be finished.

3. If the task if periodic, just copy the graph and put the “source” node of the next
graph to the position of “sink™ node of the previous graph. Thus, periodic tasks can be
modelled.

4. L(i) isalist of sub tasks ending at node i, and L' isaset of sub tasks ending at

nodei. The differenceisthat: the elements of L(i) are ordered.

5. Inatuplelike (f, A), “f is a lower bound in the execution demand in interval A”.

(8]

Fori=1,...,j, “Oneiteration of the algorithm to compute L(j+1) and L'~ [8]:

L+ = {(e(j + 1), d(j + 1))
for each edge (k,j + 1) do
for each tuple (f, A) € L* do
L+l — i+l

{(f+e(i+1),A+plk,j+1)+dF+1)
—d(k))}

L(j +1) = LIt U L(j)

Reduce the sets L4+ and L(j + 1)

For each arrow pointing to node j+1, we first check the arrow’s starting node, then we
add all possible tuples to the set. Clearly, f+e(j+1) is the new lower bound for node
j+1. p(k, j+1)+d(+1)-d(k) is the time from the complete time of sub task k to the
complete time of sub task j+ 1. After the iteration, all possible paths are put into set.
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Now remove redundant set to simplify the following computation:

for eech tuple (f;,D;) and (f;,D,), we check if there are any weaker requirement.
If (D, £D;) istrueand (f, £ f;) isalsotrue, it means that we find arequirement,

here namely tuple j, it has looser time requirement and should be removed to avoid

unnecessary further comparison.

After all the redundant tuples are removed, we just find out the maximum value of f, it

isthevalueof a,(D).

The implied regtriction on this system model is that, all sub tasks are already well
pre-defined, their start time, end time, estimated execution time and intervals between
each tasks are aready fixed. Also, no dynamic execution, in other words, changing the

sequence of execution, can be implemented in this algorithm.

After we have got the important parameter a (D), we can easily find out whether

our design can satisfy all requirements for all incoming processes. The schedulability

test runs like following:

we assume that static priority is used. As the examples mentioned before, larger
priority number means lower priority. If there is higher priority process running, lower

ones can do nothing but to wait.

Then the following criteria to check whether the processes with assumed priorities can

be scheduled or not is given out:

for any time interval A,
b'(D) 3 a, (D)

inwhich b'(D) :cr)?%{b(u)— a,(u}

Here because we suppose the scheduling algorithm is static priority scheduling, so

18



a, (u), which is used to caculate b'(D), is the sum of dl arrival curves whose priorities are

i1
higher, namely Q a .
1

This is not difficult to interpret. The left side of the inequation stands for the
remaining service ability of a certain system (here we assume the processing unit is
single). The right side of the inequation is the demand curve of process i. And of
course the left side should at least have the same value of the right side in order to

meet process i. Otherwise the system will fail.

This could aso be used to assign proper static priorities to tasks so that the system
will cooperate well. First choose one task as the beginning point, then choose
randomly another task, give this task the lowest priority, use b'(D)2 a) (D) (just
discussed in this section) to test whether they are schedulable. If the condition
b'(D)3 a) (D) failsfor al combinations, then the tasks can not be scheduled. If it is

schedulable, remove it, repesat this procedure until no more task is left. According to
this iteration, the earlier one task is removed, the lower its priority is. This is because
we aways try to assign the possible lowest priority to one tak when we test it. We
can also draw the conclusion that, from this algorithm, it is possible to find out several
different and correct priority assignments. The reason is, each time we pick up one
task to test, the task under test is chosen randomly.
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4. Conclusion

This report discusses the analysis method on different architectures and weakens the
requirement and restriction on syssem models proposed in [8]. Besides, the timing

bounds of input event streams can be computed in complexity of O(r?).

The most obvious difference which distinguishes this system model is:

the model does not use traditiona quantities like starting time, execution time, latest
allowed finish time, or period / jitter to describe the behavior of a system. It proposes

new mathematical models, namely a (D), b(D) and their variations to represent

any arbitrary system.

Because this new model only use the number of events happened in a certain time
interval to characterize system behaviors, theoretically there is no precondition on the
input event stream(s) compared to other agorithms which usually requires the input
event stream(s) is/ are at least pseudo periodic (periodic with a reasonable jitter, or

burst, or not periodic: sporadic).

Another advantage of this new modd is that it can simulate compound systems.
Patform-based design is the dominant design methodology so far and amost all
products are composed of different relatively independent blocks. By connecting the
output of the previous core to the input of the next core (how to compute the output
curve and remaining service curve is presented in Section 2.2 in detail), the new

model is able to answer the system properties of an abstract network.

Except the above mentioned advantages, there are still some issues left open: in
theory it appears to be universal because it does not have any precondition on the
system model. But the computation of the 4 kernel formulasin Section 2.2 seems very

abstract and complex. How to choose proper value of p and A used in the functions,
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and how to implement the special algorithm by computer programs are still quite

obscure.

Another point which is interesting is that: how sensitive is the final result, namely
a'(D) ad Db'(D) to the input parameters a(D) and b(D) ? Does the
mathematical model easily generate spikes? This is very important because when
analyzing chip behavior, the computation complexity usually tends to be extremely
large and the mathematical model should at least to some extent converge, otherwise
the efficiency will be a problem. It may be necessary for this new model to first set a
clear condition under which this algorithm can be applied. For example, if thereis any
dynamic execution or feedback, this algorithm will have difficulties to work out the
final result. Computer program can only dea with finite algorithm, that is, the
algorithm will definitely end after some time with an acceptable result. For computing

a (D), the computation complexity is proved to be O(r¥). But for computing the

output behaviors and load requirements, the complexity still needs to be discussed.
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